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METASTABLE PATTERNS FOR A REACTION-DIFFUSION
MODEL WITH MEAN CURVATURE-TYPE DIFFUSION
RAFFAELE FOLINO, RAMO´N G. PLAZA, AND MARTA STRANI
Abstract. Reaction-diffusion equations are widely used to describe a variety
of phenomena such as pattern formation and front propagation in biological,
chemical and physical systems. In the one-dimensional model with a bal-
anced bistable reaction function, it is well-known that there is persistence of
metastable patterns for an exponentially long time, i.e. a time proportional
to exp(C/ε) where C, ε are strictly positive constants and ε2 is the diffusion
coefficient. In this paper, we extend such results to the case when the linear
diffusion flux is substituted by the mean curvature operator both in Euclidean
and Lorentz–Minkowski spaces. More precisely, for both models, we prove ex-
istence of metastable states which maintain a transition layer structure for an
exponentially long time and we show that the speed of the layers is exponen-
tially small. Numerical simulations, which confirm the analytical results, are
also provided.
1. Introduction
In this paper we study the long time dynamics of the solutions to the reaction-
diffusion equation
ut = Q(ε
2ux)x − F ′(u), (1.1)
where u = u(x, t) : [a, b]× (0,+∞)→ R, ε > 0 is a small parameter and F : R→ R
is a double well potential with wells of equal depth; more precisely, we assume that
the potential F ∈ C3(R) satisfies
F (±1) = F ′(±1) = 0, F ′′(±1) > 0, F (u) > 0 ∀u 6= ±1. (1.2)
We consider equation (1.1) complemented with homogeneous Neumann boundary
conditions
ux(a, t) = ux(b, t) = 0, t > 0, (1.3)
and initial datum
u(x, 0) = u0(x), x ∈ [a, b]. (1.4)
Regarding the diffusion flux Q, we will consider two different choices: the first one
is
Q(s) :=
s√
1 + s2
, (1.5)
corresponding to the mean curvature operator in Euclidean space, while the second
one is
Q(s) :=
s√
1− s2 , (1.6)
and corresponds to the mean curvature operator in Lorentz–Minkowski space.
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From a physical point of view, the choice of the saturating diffusion (1.5) was in-
troduced by Rosenau [24]: in the theory of phase transitions, the author extends the
Ginzburg–Landau free-energy functionals and considers a free-energy functional,
which has a linear growth rate with respect to the gradient, in order to include
interaction due to high gradients. Next, the effects of saturating diffusion on con-
vection and reaction processes have been studied in many papers, among others see
[13, 18, 19, 21, 22] and references therein. We also recall the study of the interaction
between flux-saturation effects with those of porous media flow [7, 8].
Regarding the unbounded and singular function (1.6), the nonlinear differential
operator
div
(
∇u√
1− |∇u|2
)
(1.7)
appears in many applications and it is usually meant as mean curvature operator
in the Lorentz–Minkowski space. It is of interest in differential geometry, general
relativity and appears in the nonlinear theory of electromagnetism, where it is
usually referred to as Born-Infeld operator; for details see, among others, [1], [5]
and references therein.
The difference with respect to the saturating diffusion operator is that, in the
case of (1.7), the free-energy functional behaves quadratically for small values of
the gradient, and it reaches its extremal value with infinite slope when |∇u| reaches
its upper bound. It follows that the diffusion flux
∇u√
1− |∇u|2 is singular at the
maximal value of the gradient.
From a mathematical point of view, the main difference between the functions
(1.5) and (1.6) is that the first one is a bounded function satisfying
lim
s→±∞Q(s) = ±1, lims→±∞Q
′(s) = 0,
while the second one is an unbounded and singular function satisfying
lim
s→±1
Q(s) = ±∞, lim
s→±1
Q′(s) = +∞, Q′(s) ≥ 1, ∀ s ∈ R.
Such a difference notably changes the character of the PDE (1.1), as we describe in
the sequel. First of all, notice that in the case of smooth solutions, we can expand
the term Q(ε2ux)x and rewrite equation (1.1) as
ut = ε
2Q′(ε2ux)uxx − F ′(u), (1.8)
where Q′(s) =
(
1± s2)−3/2. Therefore, in the case (1.5) the diffusion coefficient is
positive but vanishes when |ux| → ∞, while in the case (1.6) it is strictly positive if
ε2|ux| < 1. As a consequence, when the flux function Q is bounded and Q′ vanishes
at ±∞, the solutions of (1.1) can exhibit hyperbolic phenomena, such as formation
of discontinuities also if the initial datum is smooth (see [22]). In the particular
case (1.5) we have a strongly degenerate parabolic equation, as it is indicated in [2],
where the authors study the Cauchy problem for equation (1.1) with F = 0 and
show that the condition ∫ ∞
0
sQ′(s) ds <∞
implies persistence of discontinuous solution; more precisely, they show that if the
initial datum is discontinuous then there exists a finite time T > 0 such that the
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solution remains discontinuous until time t = T and becomes continuous thereafter.
For this reason, the case (1.5) is also referred to as strong saturating diffusion.
As it was previously mentioned, the case of equation (1.1) with a saturating
diffusion and a double well potential F with wells of equal depth has been studied in
[22], where the authors prove that if the potential F is sufficiently large, then there
exist discontinuous equilibria; also, they numerically show that such discontinuous
equilibria are attractive for a wide class of initial data (including smooth initial
data). The need of a smallness condition on the potential F in order to ensure
the existence of smooth standing waves is confirmed in Proposition 2.7, where we
consider equation (1.1) in R with Q given by (1.5) and we prove that there exist
smooth stationary solutions connecting the two minimal points±1 if F is sufficiently
small, see condition (2.31).
Regarding the unbounded case (1.6), we mention the paper [4], where the authors
consider the free energy functional
J (u) :=
∫
R×ω
(
1−
√
1− |∇u|2 + F (u)
)
dx,
with ω ∈ Rd−1, d ≥ 1 and F satisfying (1.2). They look for minimizers of J in the
space
X :=
{
u ∈W 1,∞(R× ω) : ‖∇u‖
L∞ < 1 and
lim
x→±∞u(x, y) = ±1 uniformly in y ∈ ω
}
,
and prove that any minimizer depends only on the first variable and is the unique
solution (up to translations) to the boundary value problem(
u′√
1− |u′|2
)′
− F ′(u) = 0, lim
x→±∞u(x) = ±1.
As we will see in Section 3, the existence of such solution is crucial in our work and
it suggests that there exist metastable patterns for equation (1.1) when Q is given
by (1.6).
To conclude the discussion, we briefly mention that the evolution equation as-
sociated to (1.6) has been recently studied in the presence of a convection term in
[16].
Motivated by previous results obtained for the solutions of reaction-diffusion
equations with a linear diffusion flux, the main goal of this paper is to investigate
the phenomenon of metastability for equation (1.1); from a general point of view, a
metastable dynamics appears when the solution to an evolution PDE evolves very
slowly in time and maintains an unstable structure for a very long time. Roughly
speaking, the solution evolves so slowly that it appears to be stable, and after a
very long time it undergoes a drastic change and converges to its asymptotic limit.
We refer to this type of solutions as metastable states for the evolution PDE.
When choosing Q(s) = s in (1.1) and F satisfying (1.2), one obtains the classical
Allen–Cahn equation
ut = ε
2uxx − F ′(u), (1.9)
and it is well known that its solutions exhibit the phenomenon of metastabil-
ity. More precisely, when considering equation (1.9) with homogeneous Neumann
boundary conditions (1.3), the solutions maintain a transition layer structure for
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an exponentially long time when the diffusion coefficient is small, i.e. a time of
order O(eC/ε) as ε → 0, and after that they converge to a constant equilibrium
solution which is one of the minimal points of the potential F .
Many papers have been devoted to the study of the metastable dynamics for
the Allen–Cahn equation (1.9); being impossible to quote all the contributions, we
mention here only the pioneering works [6, 9, 10, 17]. It is to be observed that two
main different approaches to metastability for equation (1.9) have been proposed
in the aforementioned papers. Since the method we use here is the energy approach
introduced by Bronsard and Kohn in [6], we briefly recall such strategy. The former
is based on the fact that the Allen–Cahn equation can be seen as a gradient flow
in L2(a, b) for the Lyapunov functional
F [u] =
∫ b
a
[
ε2
2
u2x + F (u)
]
dx.
In [6], the authors consider the case F (u) = 14 (u
2 − 1)2 and make use of the notion
of Γ-convergence ([23, 25]) for the functional
Fε[u] =
∫ b
a
[
ε
2
u2x +
F (u)
ε
]
dx,
which is obtained multiplying by ε−1 the functional F [u]. In this way, Young
inequality gives
Fε[u] ≥
∫ b
a
|ux|
√
2F (u) dx =
∫ +1
−1
√
2F (s) ds =: c0,
for any function u connecting −1 and +1. The positive constant c0 (independent
on ε for the renormalization) represents the minimum energy to have a transition
between −1 and +1, and one can prove that if uε converges in L1(a, b) to a step
function v which takes only the values ±1 and has exactly N jumps, then
lim inf
ε→0+
Fε[uε] ≥ Nc0.
Moreover, it is possible to choose a function such that the equality holds. Using
such properties of the functional Fε, in [6] the authors show persistence of unstable
structures with N transitions between −1 and +1 for a time Tε = O(ε−k), for any
k ∈ N.
The energy approach of [6] is very powerful and permits to prove existence of
metastable states for different evolution PDEs. For instance, it was improved and
used in [20] to prove persistence for an exponentially long time of the metastable
states for the Cahn–Morral system, and it was also applied to the hyperbolic Cahn–
Hilliard equation in [15] (see also [12, 14] for further information on application of
the energy approach to metastability analysis of hyperbolic equations).
Following the same ideas, in this paper we modify the energy approach to rig-
orously establish the existence of metastable states for the IBVP (1.1)-(1.3)-(1.4).
The main goal of this paper is to prove that if the initial datum u0 depends on ε
and has an N -transition layer structure (see Definition 2.3 below) then the solution
to (1.1)-(1.3)-(1.4) maintains the same N -transition layer structure for an exponen-
tially long time. In this fashion, we show that the phenomenon of metastability is
still present in reaction-diffusion problems where the diffusion is nonlinear and it
is given by either the strongly saturating diffusion function (1.5), or by the mean
curvature (in the Lorentz-Minkowski space) unbounded diffusion function (1.6).
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For that purpose, it is to be noticed that in the case of a generic reaction-diffusion
equation of the form (1.1), the energy functional is given by
E[u] =
∫ b
a
[
Q˜(ux) + F (u)
]
dx,
where Q˜′(s) = Q(s). Indeed, one can prove (see Lemma 2.1) that if u is a solution
to (1.1) with homogeneous Neumann boundary conditions (1.3), then
d
dt
E[u](t) = −
∫ b
a
u2t (x, t) dx. (1.10)
In the case of the choices (1.5)-(1.6) for the diffusion function, we clearly have
Q˜(s) = c±
√
1± ε4s2
ε2
, c ∈ R,
where the sign + and − corresponds to (1.5) and to (1.6), respectively.
In order to apply the same strategy of [6], we choose Q˜(0) = 0 and use the
renormalized energies,
Eε[u] =
∫ b
a
[√
1 + ε4u2x − 1
ε3
+
F (u)
ε
]
dx, (1.11)
in the case where Q is given by (1.5), and
Eε[u] =
∫ b
a
[
1−√1− ε4u2x
ε3
+
F (u)
ε
]
dx, (1.12)
if Q is given by (1.6).
The goal is to prove that, as in the linear case, both energies Eε[u] and Eε[u]
satisfy the following property: if uε converges in L1(a, b) to a step function v, taking
only the values ±1 and having exactly N jumps, then
lim inf
ε→0+
Eε[u
ε] ≥ Nc0, and lim inf
ε→0+
Eε[uε] ≥ Nc0,
with the equality holding for a particular choice of uε. More precisely, we will prove
that for any function u sufficiently close in L1(a, b) to v, the following inequality
holds
Eε[u] ≥ Ncε − C exp(−A/ε),
for some cε > 0 which converges to c0 as ε → 0 (see Proposition 2.5). A similar
inequality holds for Eε[u], see Proposition 3.4 below. Such lower bounds are the
key points to prove the persistence of metastable patterns for (1.1) in the cases
(1.5)-(1.6); in order to prove them we use two different inequalities (see (2.2) and
(3.2)), which play the same role of Young inequality in the linear case (1.9). We
underline that such results on the energy functionals, Eε[u] and Eε[u], hold for a
generic function u ∈ H1(a, b) and that equation (1.1) plays no role. Thanks to these
variational results and equality (1.10) we are able to apply the energy approach of
Bronsard and Kohn [6], and by using the same procedure we prove the exponentially
slow motion of the solutions to (1.1)-(1.3).
We close this Introduction by sketching a short plan of the paper; in Sections
2 and 3 we exploit the strategy described above for the two choices of diffusion
fluxes (1.5) and (1.6) under consideration, and prove that the solutions to (1.1)
indeed exhibit a metastable dynamics. In particular, after showing the existence of
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metastable states having an N -transition layer structure (for more details see Defi-
nition 2.3), in Theorems 2.4 and 3.3 we prove their persistence for an exponentially
long time interval of the order eC/ε, C > 0. Moreover, we provide an estimate for
the speed of the transition layers, showing that it is (at most) exponentially small
when ε → 0, see Theorem 3.6 below. Such results extend to the case of nonlinear
diffusions as the ones in (1.5) and (1.6) the results previously obtained for the stan-
dard Allen-Cahn equation. In Section 4 we give numerical evidences of the rigorous
results obtained in the Sections 2-3, and we also show that metastability is a general
phenomenon of equation (1.1), that is, the metastable states are attractive for a
large class of initial data. Finally, we numerically show that the assumptions (1.2)
on the potential F are necessary for the appearance of metastability, as it happens
in the linear case.
2. Slow motion in the case of a saturating diffusion
The aim of this section is to show that there exist metastable states for the IBVP
(1.1)-(1.3)-(1.4), when the function Q is given by (1.5), and that such metastable
states maintain the same unstable structure of the initial datum for an exponentially
long time, i.e. for a time Tε ≥ eC/ε, with C > 0 independent of ε. Before stating
the main result of this section, we present two preliminary lemmata, which are
fundamental to develop the energy approach mentioned in the Introduction. The
first lemma shows that the energy (1.11) is a non-increasing function of time t along
the solutions of (1.1)-(1.5) with homogeneous Neumann boundary conditions (1.3).
Lemma 2.1. Let u ∈ C([0, T ], H2(a, b)) be solution of (1.1)-(1.3), with Q as in
(1.5). If Eε is the functional defined in (1.11), then
d
dt
Eε[u](t) = −ε−1‖ut(·, t)‖2
L2
, (2.1)
for any t ∈ (0, T ).
Proof. By differentiating with respect to time (1.11), we obtain
d
dt
Eε[u] =
1
ε
∫ b
a
[
ε2ux√
1 + ε4u2x
uxt + F
′(u)ut
]
dx,
Integrating by parts and using the boundary conditions (1.3), we get
d
dt
Eε[u] = −1
ε
∫ b
a
[(
ε2ux√
1 + ε4u2x
)
x
− F ′(u)
]
ut dx.
Since u satisfies the equation (1.1), we end up with (2.1). 
In the following lemma we prove an inequality which plays in (1.1)-(1.5) the
same role that the well-known Young inequality plays in the metastability analysis
of the classical reaction-diffusion model (1.9).
Lemma 2.2. Let ε, L > 0. Then
√
1 + ε4x2 − 1
ε3
+
y
ε
≥ |x|
√
2y − ε2y2, (2.2)
for any (x, y) ∈ [−L,L]× [0, 2ε−2].
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Proof. To prove (2.2) it is sufficient to study the sign of the function
f(x, y) :=
√
1 + ε4x2 − 1 + ε2y − ε3x
√
2y − ε2y2,
in the domain D := [0, L]× [0, 2ε−2]. For any (x, y) ∈ D˚ we have
fx(x, y) =
ε4x√
1 + ε4x2
− ε3
√
2y − ε2y2,
fy(x, y) = ε
2
(
1− εx 1− ε
2y√
2y − ε2y2
)
.
It follows that ∇f(x, y) = 0 if and only if
x =
√
2y − ε2y2
ε(1− ε2y) =: g(y), y ∈ (0, ε
−2) ∪ (ε−2, 2ε−2).
Notice that f(g(y), y) = 0 for any y ∈ (0, ε−2)∪ (ε−2, 2ε−2), and so f = 0 in all the
critical points. Let us compute the minimum of f in ∂D. First, we have
f(x, 0) =
√
1 + ε4x2 − 1, x ∈ [0, L], f(0, y) = ε2y, y ∈ [0, 2ε−2].
Next,
f(x, 2ε−2) =
√
1 + ε4x2 + 1, x ∈ [0, L].
Finally, f ′(L, y) ≤ 0 for any y ∈ (0, g−1(L)] and f ′(L, y) ≥ 0 for any y ∈ [g−1(L), 2ε−2)
and f(L, g−1(L)) = 0. Therefore, f is non negative on ∂D and since f = 0 in all the
critical points, we have that f is non negative in D and the proof is complete. 
The inequality (2.2) is crucial because it allows us to state that if u¯ is a monotone
function connecting the two stable points +1 and −1 and
max
s∈[−1,1]
F (s) ≤ 2ε−2,
then the energy defined in (1.11) satisfies
Eε[u¯] ≥
∫ b
a
|u¯′|
√
F (u¯) [2− ε2F (u¯)] dx =
∫ +1
−1
√
F (s) [2− ε2F (s)] ds =: cε. (2.3)
As we will see, the positive constant cε represents the minimum energy to have a
transition between −1 and +1. It is to be observed that
lim
ε→0
cε =
∫ +1
−1
√
2F (s) ds =: c0,
which is the minimum energy in the case of the classical Allen–Cahn equation (see
[6]).
We now give the definition of a function with a transition layer structure.
Definition 2.3. Let us fix N ∈ N and a piecewise constant function v with N
transitions as follows:
v : [a, b]→ {−1,+1} withN jumps located at x = hj , j = 1, . . . , N ,
with a < h1 < h2 < · · · < hN < b, and r > 0 is such that
(hi − r, hi + r) ∩ (hj − r, hj + r) = ∅ for i 6= j, a ≤ h1 − r and
hN + r ≤ b.
(2.4)
We say that a function uε ∈ H1(a, b) has an N -transition layer structure if
lim
ε→0
‖uε − v‖
L1
= 0, (2.5)
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and there exist C > 0 and A ∈ (0, r√2λ), λ = min{F ′′(±1)} (independent on ε)
such that
Eε[u
ε] ≤ Ncε + C exp(−A/ε), (2.6)
for any ε  1, where the energy Eε and the positive constant cε are defined in
(1.11) and in (2.3), respectively.
Observe that condition (2.5) fixes the number of transitions and their relative
positions in the limit ε → 0, while condition (2.6) requires that the energy at the
time t = 0 exceeds at most by C exp(−A/ε), the minimum possible to have these
N transitions. Moreover, from (2.1) it follows that if the initial datum uε0 satisfies
(2.6), then the solution uε(·, t) satisfies the same inequality for all times t > 0.
Therefore, we only need to prove that the solution uε(·, t) satisfies (2.5) for an
exponentially long time, and this is the main result of this section.
Theorem 2.4 (metastable dynamics with strong saturating diffusion). Assume
that F ∈ C3(R) satisfies (1.2) and define λ := min{F ′′(±1)}. Let v be as in (2.4)
and let A ∈ (0, r√2λ). If uε is the solution of (1.1)-(1.3)-(1.4) with Q as in (1.5)
and initial datum uε0 satisfying (2.5) and (2.6), then,
sup
0≤t≤m exp(A/ε)
‖uε(·, t)− v‖
L1
−−−→
ε→0
0, (2.7)
for any m > 0.
As it was pointed out in Section 1, the crucial step in the proof of Theorem 2.4
is to prove a particular lower bound on the energy. Such result is purely variational
in character and equation (1.1) plays no role in its proof.
Proposition 2.5. Assume that F ∈ C3(R) satisfies (1.2). Let v be as in (2.4), λ :=
min{F ′′(±1)} > 0 and A ∈ (0, r√2λ). Then, there exist ε0, C, δ > 0 (depending
only on F, v and A) such that if u ∈ H1(a, b) satisfies
‖u− v‖
L1
≤ δ, (2.8)
then for any ε ∈ (0, ε0),
Eε[u] ≥ Ncε − C exp(−A/ε), (2.9)
where Eε and cε are defined in (1.11) and (2.3), respectively.
Proof. Fix u ∈ H1(a, b) satisfying (2.8), and ε > 0 such that 2 − ε2F (u) ≥ 0 in
(a, b). Take rˆ ∈ (0, r) and ρ1 so small that
A ≤ (r − rˆ)
√
2λ− 2νρ1, where ν := sup {|F ′′′(x)|, x ∈ [−1− ρ1, 1 + ρ1]} .
(2.10)
Then, choose 0 < ρ2 < ρ1 sufficiently small such that∫ 1−ρ2
1−ρ1
√
F (s)[2− ε2F (s)] ds >
∫ 1
1−ρ2
√
F (s)[2− ε2F (s)] ds,∫ −1+ρ1
−1+ρ2
√
F (s)[2− ε2F (s)] ds >
∫ −1+ρ2
−1
√
F (s)[2− ε2F (s)] ds.
(2.11)
Now, we focus our attention on hi, one of the discontinuous points of v. To fix
ideas, let v(hi±r) = ±1, the other case being analogous. We claim that there exist
r+ and r− in (0, rˆ) such that
|u(hi + r+)− 1| < ρ2, and |u(hi − r−) + 1| < ρ2. (2.12)
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Indeed, assume by contradiction that |u− 1| ≥ ρ2 throughout (hi, hi + rˆ); then
δ ≥ ‖u− v‖
L1
≥
∫ hi+rˆ
hi
|u− v| dx ≥ rˆρ2,
and this leads to a contradiction if we choose δ ∈ (0, rˆρ2). Similarly, one can prove
the existence of r− ∈ (0, rˆ) such that |u(hi − r−) + 1| < ρ2.
Now, we consider the interval (hi − r, hi + r) and claim that∫ hi+r
hi−r
[√
1 + ε4u2x − 1
ε3
+
F (u)
ε
]
dx ≥ cε − CN exp(−A/ε), (2.13)
for some C > 0 independent on ε. Observe that from (2.2), it follows that for any
a ≤ c < d ≤ b,∫ d
c
[√
1 + ε4u2x − 1
ε3
+
F (u)
ε
]
dx ≥
∣∣∣∣∣
∫ u(d)
u(c)
√
F (s)[2− ε2F (s)] ds
∣∣∣∣∣ . (2.14)
Hence, if u(hi + r+) ≥ 1 and u(hi − r−) ≤ −1, then from (2.14) we can conclude
that ∫ hi+r+
hi−r−
[√
1 + ε4u2x − 1
ε3
+
F (u)
ε
]
dx ≥ cε,
which implies (2.13). On the other hand, from (2.14) we obtain∫ hi+r+
hi−r−
[√
1 + ε4u2x − 1
ε3
+
F (u)
ε
]
dx ≥
∫ u(hi+r+)
u(hi−r−)
√
F (s)[2− ε2F (s)] ds,
yielding, in turn,∫ hi+r
hi−r
[√
1 + ε4u2x − 1
ε3
+
F (u)
ε
]
dx ≥
∫ hi+r
hi+r+
[√
1 + ε4u2x − 1
ε3
+
F (u)
ε
]
dx
+
∫ hi−r−
hi−r
[√
1 + ε4u2x − 1
ε3
+
F (u)
ε
]
dx
+
∫ 1
−1
√
F (s)[2− ε2F (s)] ds
−
∫ u(hi−r−)
−1
√
F (s)[2− ε2F (s)] ds
−
∫ 1
u(hi+r+)
√
F (s)[2− ε2F (s)] ds
=: I1 + I2 + cε − αε − βε. (2.15)
Let us estimate the first two terms of (2.15). Regarding I1, assume that 1 − ρ2 <
u(hi + r+) < 1 and consider the unique minimizer z : [hi + r+, hi + r] → R of I1
subject to the boundary condition z(hi + r+) = u(hi + r+). If the range of z is not
contained in the interval (1− ρ1, 1 + ρ1), then from (2.14), it follows that∫ hi+r
hi+r+
[√
1 + ε4z2x − 1
ε3
+
F (z)
ε
]
dx ≥
∫ 1
u(hi+r+)
√
F (s)[2− ε2F (s)] ds = βε,
(2.16)
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by the choice of r+ and ρ2. Suppose, on the other hand, that the range of z is
contained in the interval (1− ρ1, 1 + ρ1). Then, the Euler-Lagrange equation for z
is
z′′(x) = ε−2F ′(z(x))
(
1 + ε4z′(x)2
)3/2
, x ∈ (hi + r+, hi + r),
z(hi + r+) = u(hi + r+), z
′(hi + r) = 0.
Denoting ψ(x) := (z(x)− 1)2, we have ψ′ = 2(z − 1)z′ and
ψ′′(x) = 2(z(x)− 1)z′′(x) + 2z′(x)2 ≥ 2
ε2
(z(x)− 1)F ′(z(x)) (1 + ε4z′(x)2)3/2 .
Since |z(x)− 1| ≤ ρ1 for any x ∈ [hi + r+, hi + r], using Taylor’s expansion
F ′(z(x)) = F ′′(1)(z(x)− 1) +R,
where |R| ≤ ν|z − 1|2/2 with ν defined in (2.10), we obtain
ψ′′(x) ≥ 2λ
ε2
(z(x)− 1)2 − 2νρ1
ε2
(z(x)− 1)2 ≥ µ
2
ε2
ψ(x),
where µ = A/(r − rˆ) and having used (2.10). Thus, ψ satisfies
ψ′′(x)− µ
2
ε2
ψ(x) ≥ 0, x ∈ (hi + r+, hi + r),
ψ(hi + r+) = (u(hi + r+)− 1)2, ψ′(hi + r) = 0.
We compare ψ with the solution ψˆ of
ψˆ′′(x)− µ
2
ε2
ψˆ(x) = 0, x ∈ (hi + r+, hi + r),
ψˆ(hi + r+) = (u(hi + r+)− 1)2, ψˆ′(hi + r) = 0,
which can be explicitly calculated to be
ψˆ(x) =
(u(hi + r+)− 1)2
cosh
[
µ
ε (r − r+)
] cosh [µ
ε
(x− (hi + r))
]
.
By the maximum principle, ψ(x) ≤ ψˆ(x) so, in particular,
ψ(hi + r) ≤ (u(hi + r+)− 1)
2
cosh
[
µ
ε (r − r+)
] ≤ 2 exp(−A/ε)(u(hi + r+)− 1)2.
Then, we have
|z(hi + r)− 1| ≤
√
2 exp(−A/2ε)ρ2. (2.17)
Now, by using Taylor’s expansion for F (s), we obtain
F (s) ≤ (s− 1)2
(
F ′′(1)
2
+
o(|s− 1|2)
|s− 1|2
)
.
Therefore, for s sufficiently close to s = 1 we have
0 ≤ F (s) ≤ Λ(s− 1)2, (2.18)
for some Λ > 0. Using (2.17) and (2.18), we obtain∣∣∣∣∣
∫ 1
z(hi+r)
√
F (s)[2− ε2F (s)] ds
∣∣∣∣∣ ≤√Λ/2(z(hi + r)− 1)2 ≤ √2Λ ρ22 exp(−A/ε).
(2.19)
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From (2.14)-(2.19) it follows that, for some constant C > 0,∫ hi+r
hi+r+
[√
1 + ε4z2x − 1
ε3
+
F (z)
ε
]
dx ≥
∣∣∣∣∣
∫ 1
z(hi+r+)
√
F (s)[2− ε2F (s)] ds−
∫ 1
z(hi+r)
√
F (s)[2− ε2F (s)] ds
∣∣∣∣∣
≥ βε − C2N exp(−A/ε). (2.20)
Combining (2.16) and (2.20), we get that the constrained minimizer z of the pro-
posed variational problem satisfies∫ hi+r
hi+r+
[√
1 + ε4z2x − 1
ε3
+
F (z)
ε
]
dx ≥ βε − C2N exp(−A/ε).
The restriction of u to [hi + r+, hi + r] is an admissible function, so it must satisfy
the same estimate and we have
I1 ≥ βε − C2N exp(−A/ε). (2.21)
The term I2 on the right hand side of (2.15) is estimated similarly by analyzing
the interval [hi − r, hi − r−] and using the second condition of (2.11) to obtain the
corresponding inequality (2.16). The obtained lower bound reads
I2 ≥ αε − C2N exp(−A/ε). (2.22)
Finally, by substituting (2.21) and (2.22) in (2.15), we deduce (2.13). Summing up
all of these estimates for i = 1, . . . , N , namely for all transition points, we end up
with
Eε[u] ≥
N∑
i=1
∫ hi+r
hi−r
[√
1 + ε4u2x − 1
ε3
+
F (u)
ε
]
dx ≥ Ncε − C exp(−A/ε),
and the proof is complete. 
Proposition 2.5 permits to apply the energy approach introduced in [6] and we
can proceed as in [6], [15].
Proposition 2.6. Assume that F ∈ C3(R) satisfies (1.2) and consider the solution
uε to (1.1)-(1.3)-(1.4) with Q given by (1.5) and initial datum uε0 satisfying (2.5)
and (2.6). Then, there exist positive constants ε0, C1, C2 > 0 (independent on ε)
such that ∫ C1ε−1 exp(A/ε)
0
‖uεt‖2L2dt ≤ C2ε exp(−A/ε), (2.23)
for all ε ∈ (0, ε0).
Proof. Let ε0 > 0 be sufficiently small such that for all ε ∈ (0, ε0), (2.6) holds and
‖uε0 − v‖L1 ≤
1
2
δ, (2.24)
where δ is the constant of Proposition 2.5. Let Tˆ > 0; we claim that if∫ Tˆ
0
‖uεt‖L1dt ≤
1
2
δ, (2.25)
12 R. FOLINO, R.G. PLAZA, AND M. STRANI
then there exists C > 0 such that
Eε[u
ε](Tˆ ) ≥ Ncε − C exp(−A/ε). (2.26)
Indeed, inequality (2.26) follows from Proposition 2.5 if ‖uε(·, Tˆ ) − v‖
L1
≤ δ. By
using the triangle inequality, (2.24) and (2.25), we obtain
‖uε(·, Tˆ )− v‖
L1
≤ ‖uε(·, Tˆ )− uε0‖L1 + ‖uε0 − v‖L1 ≤
∫ Tˆ
0
‖uεt‖L1 +
1
2
δ ≤ δ.
Upon integration of (2.1), we deduce
Eε[u
ε
0]− Eε[uε](Tˆ ) = ε−1
∫ Tˆ
0
‖uεt‖2L2 dt. (2.27)
Substituting (2.6) and (2.26) in (2.27) yields∫ Tˆ
0
‖uεt‖2L2dt ≤ C2ε exp(−A/ε). (2.28)
It remains to prove that inequality (2.25) holds for Tˆ ≥ C1ε−1 exp(A/ε). If∫ +∞
0
‖uεt‖L1dt ≤
1
2
δ,
there is nothing to prove. Otherwise, choose Tˆ such that∫ Tˆ
0
‖uεt‖L1dt =
1
2
δ.
Using Ho¨lder’s inequality and (2.28), we infer
1
2
δ ≤ [Tˆ (b− a)]1/2
(∫ Tˆ
0
‖uεt‖2L2dt
)1/2
≤
[
Tˆ (b− a)C2ε exp(−A/ε)
]1/2
.
It follows that there exists C1 > 0 such that
Tˆ ≥ C1ε−1 exp(A/ε),
and the proof is complete. 
Now, we have all the tools to prove (2.7).
Proof of Theorem 2.4. The triangle inequality yields
‖uε(·, t)− v‖
L1
≤ ‖uε(·, t)− uε0‖L1 + ‖uε0 − v‖L1 , (2.29)
for all t ∈ [0,m exp(A/ε)]. The last term of inequality (2.29) tends to zero by
assumption (2.5). Regarding the first term, take ε so small that C1ε
−1 ≥ m; thus
we can apply Proposition 2.6 and by using Ho¨lder’s inequality and (2.23), we infer
sup
0≤t≤m exp(A/ε)
‖uε(·, t)− uε0‖L1 ≤
∫ m exp(A/ε)
0
‖uεt (·, t)‖L1 dt ≤ C
√
ε,
for all t ∈ [0,m exp(A/ε)]. Hence (2.7) follows. 
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Theorem 2.4 provides sufficient conditions for the existence of a metastable state
for equation (1.1)-(1.5) and shows its persistence for (at least) an exponentially
long time. We conclude this section by constructing a family of functions with a
transition layer structure, namely we show how to construct a function satisfying
(2.5)-(2.6). To do this, we will use standing waves solutions to (1.8), i.e. we will
use the solution Φε = Φε(x) to the boundary value problem
ε2Q′(ε2Φ′ε)Φ
′′
ε − F ′(Φε) = 0, lim
x→±∞Φε(x) = ±1, Φε(0) = 0, (2.30)
where Q is defined in (1.5).
Proposition 2.7. Fix a piecewise function v as in (2.4) and assume that F ∈
C3(R) satisfies (1.2). Then there exists a function uε satisfying (2.5) and (2.6).
Proof. First of all, let us prove that if Q is as in (1.5) and F ∈ C3(R) satisfies (1.2)
and
max
Φ∈[−1,1]
F (Φ) < ε−2, (2.31)
then, there exists a unique solution to (2.30). Multiplying by Φ′ε = Φ
′
ε(x) equation
(2.30), we deduce
ε2Q′(ε2Φ′ε)Φ
′
εΦ
′′
ε − F ′(Φε)Φ′ε = 0, in (−∞,+∞),
and, therefore,
Pε(Φ
′
ε) = F (Φε), in (−∞,+∞),
where
Pε(s) :=
∫ s
0
ε2uQ′(ε2u) du =
1
ε2
(
1− 1√
1 + ε4s2
)
.
It follows that the profile Φε satisfiesεΦ
′
ε(x) =
√
F (Φε)[2− ε2F (Φε)]
1− ε2F (Φε) ,
Φε(0) = 0.
(2.32)
Hence, the assumptions on the potential F (1.2) imply that there exists a unique
solution to (2.32) which is increasing and implicitly defined by∫ Φε(x)
0
1− ε2F (s)√
F (s)[2− ε2F (s)] ds =
x
ε
.
Observe that
lim
ε→0
Φε(x) =

−1, x < 0,
0, x = 0,
+1, x > 0.
Now, choose ε0 > 0 small enough so that the condition (2.31) holds for any ε ∈
(0, ε0). We use the profile Φε to construct a family of functions with a transition
layer structure. Fix N ∈ N and N transition points a < h1 < h2 < · · · < hn < b,
and denote the middle points by
m1 := a, mj :=
hj−1 + hj
2
, j = 2, . . . , N − 1, mN := b.
Define
uε(x) := Φε
(
(−1)j(x− hj)
)
, x ∈ [mj ,mj+1], j = 1, . . . N,
(2.33)
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where Φε is the solution to (2.30). Notice that u
ε(hj) = 0, for j = 1, . . . , N and for
definiteness we choose uε(a) < 0 (the case uε(a) > 0 is analogous). Let us prove
that uε has an N -transition layer structure, i.e. that it satisfies (2.5)-(2.6). It is
easy to check that uε ∈ H1(a, b) and satisfies (2.5); let us show that
Eε[u
ε] ≤ Ncε, (2.34)
where Eε and cε are defined in (1.11) and (2.3), respectively. From the definitions
of Eε and u
ε we obtain
Eε[u
ε] =
N∑
j=1
∫ mj+1
mj

√
1 + ε4 (Φ′ε)
2 − 1
ε3
+
F (Φε)
ε
 dx.
From (2.32), it follows that
∫ mj+1
mj

√
1 + ε4 (Φ′ε)
2 − 1
ε3
+
F (Φε)
ε
 dx = ∫ mj+1
mj
[
1
ε3 − ε5F (Φε) −
1
ε3
+
F (Φε)
ε
]
dx
=
∫ mj+1
mj
F (Φε)[2− ε2F (Φε)]
ε[1− ε2F (Φε)] dx
=
∫ mj+1
mj
Φ′ε
√
F (Φε)[2− ε2F (Φε)] dx
=
∫ Φε(mj+1)
Φε(mj)
√
F (s)[2− ε2F (s)] ds < cε,
where cε is defined in (2.3). Summing up all the terms we end up with (2.34) and
the proof is complete. 
Remark 2.8. Let us stress out that the assumption F ′′(±1) > 0 implies the expo-
nential decay
1− Φε(x) ≤ c1e−c2x/ε, as x→ +∞,
Φε(x) + 1 ≤ c1ec2x/ε, as x→ −∞,
(2.35)
for some constants c1, c2 > 0 (depending on F ). On the other hand, if F is a
double well potential with wells at ±1 and F ′′(±1) = 0, then we have existence of
a unique solution to (2.30) but we do not have the exponential decay (2.35). As we
will see in Section 4, there are considerable differences on the metastable dynamics
of the solutions to (1.1) between the case F ′′(±1) > 0 and the degenerate case
F ′′(±1) = 0; indeed, the assumption F ′′(±1) > 0 is necessary to have persistence
of metastable states for an exponentially long time.
3. Slow motion in the case of an unbounded diffusion
In this section we apply the same strategy of the previous one in order to prove
existence and persistence for an exponentially long time of metastable states for
the IBVP (1.1)-(1.3)-(1.4), when Q is the mean curvature operator in Lorentz–
Minkowski space (1.6). Most of the results of Section 2 hold also when considering
Q as in (1.6) and the energy (1.12). For instance, by reasoning as in the proof of
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(2.1), one can prove that if u ∈ C([0, T ], H2(a, b)) is a solution of (1.1)-(1.3), with
Q as in (1.6), and Eε is the energy defined in (1.12), then
Eε[u](0)− Eε[u](T ) = ε−1
∫ T
0
‖ut(·, t)‖2
L2
dt. (3.1)
In particular, by using the inequality
1
2
εx2 ≤ 1−
√
1− ε4x2
ε3
, x ∈ (−ε−2, ε−2),
and the positiveness of F , we obtain the following a-priori estimate
‖ux(·, t)‖2
L2
≤ Cε−1, ∀ t ∈ [0, T ],
for some positive constant C independent on ε.
In order to prove the exponentially slow motion of the solutions we make use of
the following inequality (which plays the same role of (2.2) in the case of saturating
diffusion).
Lemma 3.1. Set ε, L > 0. Then
1−√1− ε4x2
ε3
+
y
ε
≥ |x|
√
2y + ε2y2, (3.2)
for any (x, y) ∈ [−ε−2, ε−2]× [0, L].
Proof. Similarly as the proof of (2.2), we study the sign of the function
f(x, y) := 1−
√
1− ε4x2 + ε2y − ε3x
√
2y + ε2y2,
in the domain K := [0, ε−2]× [0, L]. For any (x, y) ∈ K˚, we have
fx(x, y) =
ε4x√
1− ε4x2 − ε
3
√
2y + ε2y2,
fy(x, y) = ε
2
(
1− εx 1 + ε
2y√
2y + ε2y2
)
,
and ∇f(x, y) = 0 if and only if
x =
√
2y + ε2y2
ε(1 + ε2y)
=: g¯(y), y ∈ (0, L).
Notice that f(g¯(y), y) = 0 for any y ∈ [0, L], and so f = 0 in all the critical points.
Regarding the boundary of the domain K, we have
f(0, y) ≥ 0, ∀ y ∈ [0, L], f(x, 0) ≥ 0, ∀x ∈ [0, ε−2].
Moreover, one has
f(ε−2, y) = 1 + ε2y − ε
√
2y + ε2y2 > 0, ∀ y ∈ [0, L],
Finally, it is easy to check that f ′(x, L) ≤ 0 in [0, g¯(L)], f ′(x, L) ≥ 0 in [g¯(L), ε−2)
and f(g¯(L), L) = 0. Therefore f is non negative in K and the inequality (3.2)
follows. 
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Similarly as (2.3), the inequality (3.2) allows us to state that if u¯ is a monotone
function connecting the two stable points +1 and −1, then for the energy defined
in (1.12) one has
Eε[u¯] ≥
∫ b
a
|u¯′|
√
F (u¯) [2 + ε2F (u¯)] dx =
∫ +1
−1
√
F (s) [2 + ε2F (s)] ds =: γε. (3.3)
Therefore, in this case the minimum energy to have a transition is given by γε and
as before
lim
ε→0
γε =
∫ +1
−1
√
2F (s) ds =: c0.
As in Section 2, we say that a function uε has an N -transition layer structure if
(2.5) holds with v defined in (2.33) and and there exist C > 0 and A ∈ (0, r√2λ),
λ = min{F ′′(±1)} (independent on ε) such that
Eε[uε] ≤ Nγε + C exp(−A/ε), (3.4)
for any ε  1, where the energy Eε and the positive constant γε are defined in
(1.12) and (3.3), respectively.
An example of function satisfying (2.5)-(3.4) is given by (2.33), where we sub-
stitute Φε with the solution Ψε := Ψε(x) of the boundary value problem
ε2Q′(ε2Ψ′ε)Ψ
′′
ε − F ′(Ψε) = 0, lim
x→±∞Ψε(x) = ±1, Ψε(0) = 0, (3.5)
where now Q is defined in (1.6).
Lemma 3.2. Let Q be as in (1.6) and assume that F ∈ C3(R) satisfies (1.2).
Then, there exists a unique solution to (3.5).
Proof. By reasoning as in the proof of Proposition 2.7 and multiplying by Ψ′ε =
Ψ′ε(x) equation (3.5), we deduce
1√
1− ε4(Ψ′ε)2
= 1 + ε2F (Ψε), in (−∞,+∞).
Consequently, the profile Φε satisfiesεΨ
′
ε(x) =
√
F (Ψε)[2 + ε2F (Ψε)]
1 + ε2F (Ψε)
,
Ψε(0) = 0.
Since the potential F satisfies (1.2), we have a unique solution to the boundary
value problem (3.5), which is strictly increasing and implicitly defined by∫ Ψε(x)
0
1 + ε2F (s)√
F (s)[2 + ε2F (s)]
ds =
x
ε
,
and the proof is complete. 
As in Remark 2.8, we emphasize the fact that the assumption F ′′(±1) > 0
implies an exponential decay like (2.35). Moreover, we have
lim
ε→0
Ψε(x) =

−1, x < 0,
0, x = 0,
+1, x > 0,
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and for any ε0 > 0 there exists C > 0 (independent on ε) such that
Ψ′ε(x) ≤ Cε−1, ∀x ∈ R,
for any ε ∈ (0, ε0).
In particular, one can observe (similarly to (2.34)) that the function Uε, defined
by
Uε(x) := Ψε
(
(−1)j(x− hj)
)
, x ∈ [mj ,mj+1], j = 1, . . . N,
satisfies
Eε[Uε] ≤ Nγε. (3.6)
Now, we can proceed in the same way as in the analysis of Section 2 to prove
the persistence for an exponentially long time of the N -transition layer structure.
Theorem 3.3 (metastable dynamics with unbounded diffusion). Assume that F ∈
C3(R) satisfies (1.2) and define λ := min{F ′′(±1)}. Let v be as in (2.4) and let
A ∈ (0, r√2λ). If uε is the solution of (1.1)-(1.3)-(1.4) with Q as in (1.6) and
initial datum uε0 satisfying (2.5) and (3.4), then,
sup
0≤t≤m exp(A/ε)
‖uε(·, t)− v‖
L1
−−−→
ε→0
0, (3.7)
for any m > 0.
The proof of Theorem 3.3 depends upon the following lower bound on the energy
functional Eε.
Proposition 3.4. Assume that F ∈ C3(R) satisfies (1.2). Let v be as in (2.4), λ :=
min{F ′′(±1)} > 0 and A ∈ (0, r√2λ). Then, there exist ε0, C, δ > 0 (depending
only on F, v and A) such that if u ∈ H1(a, b) satisfies
‖u− v‖
L1
≤ δ,
then for any ε ∈ (0, ε0),
Eε[u] ≥ Nγε − C exp(−A/ε),
where Eε and γε are defined in (1.12) and (3.3), respectively.
Proposition 3.4 can be proved with the same technique used to prove Proposition
2.5; indeed, the computations are very similar, with the appropriate changes due
to the fact than here the energy functional is (1.12).
Notice that from Proposition 3.4 and (3.6), it follows that
Nγε − C exp(−A/ε) ≤ Eε[Uε] ≤ Nγε,
and, as a trivial consequence
lim
ε→0
Eε[Uε] = Nc0.
Thanks to Proposition 3.4 and the energy dissipation (3.1), we can proceed as in
Section 2 to prove Theorem 3.3. Indeed, we can prove the same estimate (2.23)
also for the solutions to (1.1) with Q given by (1.6) and conclude (3.7) (the proof is
formally identical, and it is sufficient to substitute the energy Eε with Eε; we omit
the details).
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3.1. Layer Dynamics. In this section, we give an estimate on the velocity of the
transition points h1, . . . , hN . More precisely, we will show that such velocity is at
most exponentially small as ε→ 0. We shall consider the case when Q is given by
(1.6) and so the energy Eε, but the results can be easily extended to the case (1.5).
Fix v as in (2.4) and define its interface I[v] as
I[v] := {h1, h2, . . . , hN}.
For an arbitrary function u : [a, b]→ R and an arbitrary closed subset K ⊂ R\{±1},
the interface IK [u] is defined by
IK [u] := u
−1(K).
Finally, we recall that for any A,B ⊂ R the Hausdorff distance d(A,B) between A
and B is defined by
d(A,B) := max
{
sup
α∈A
d(α,B), sup
β∈B
d(β,A)
}
,
where d(β,A) := inf{|β − α| : α ∈ A}.
The following result is purely variational in character and states that, if a func-
tion u ∈ H1([a, b]) is close to v in L1 and Eε[u] exceeds of a small quantity the
minimum energy to have N transitions, then the distance between the interfaces
IK [u] and IK [v] is small.
Lemma 3.5. Assume that F ∈ C3(R) satisfies (1.2) and let v be as in (2.4).
Given δ1 ∈ (0, r) and a closed subset K ⊂ R\{±1}, there exist positive constants
δˆ, ε0 (independent on ε) and Mε > 0 such that for any u ∈ H1([a, b]) satisfying
‖u− v‖
L1
< δˆ and Eε[u] ≤ Nγε +Mε, (3.8)
for all ε ∈ (0, ε0), we have
d(IK [u], I[v]) <
1
2δ1. (3.9)
Proof. Fix δ1 ∈ (0, r) and choose ρ > 0 small enough that
Iρ := (−1− ρ,−1 + ρ) ∪ (1− ρ, 1 + ρ) ⊂ R\K,
and
inf
{∣∣∣∣∣
∫ ξ2
ξ1
√
F (s)[2 + ε2F (s)] ds
∣∣∣∣∣ : ξ1 ∈ K, ξ2 ∈ Iρ
}
> 2Mε,
where
Mε := 2N max
{∫ 1
1−ρ
√
F (s)[2 + ε2F (s)] ds,
∫ −1+ρ
−1
√
F (s)[2 + ε2F (s)] ds
}
.
By reasoning as in the proof of (2.12) in Proposition 2.5, we can prove that for each
i there exist
x−i ∈ (hi − δ1/2, hi) and x+i ∈ (hi, hi + δ1/2),
such that
|u(x−i )− v(x−i )| < ρ and |u(x+i )− v(x+i )| < ρ.
METASTABLE PATTERNS FOR MEAN CURVATURE REACTION-DIFFUSION MODELS 19
Suppose that (3.9) is violated. Using (3.2), we deduce
Eε[u] ≥
N∑
i=1
∣∣∣∣∣
∫ u(x+i )
u(x−i )
√
F (s)[2 + ε2F (s)] ds
∣∣∣∣∣
+ inf
{∣∣∣∣∣
∫ ξ2
ξ1
√
2F (s)[2 + ε2F (s)] ds
∣∣∣∣∣ : ξ1 ∈ K, ξ2 ∈ Iρ
}
. (3.10)
On the other hand, we have∣∣∣∣∣
∫ u(x+i )
u(x−i )
√
2F (s)[2 + ε2F (s)] ds
∣∣∣∣∣ ≥
∫ 1
−1
√
2F (s)[2 + ε2F (s)] ds
−
∫ −1+ρ
−1
√
2F (s)[2 + ε2F (s)] ds
−
∫ 1
1−ρ
√
2F (s)[2 + ε2F (s)] ds
≥ γε − Mε
N
.
Substituting the latter bound in (3.10), we deduce
Eε[u] ≥ Nγε −Mε + inf
{∣∣∣∣∣
∫ ξ2
ξ1
√
2F (s)[2 + ε2F (s)] ds
∣∣∣∣∣ : ξ1 ∈ K, ξ2 ∈ Iρ
}
.
For the choice of ρ, we obtain
Eε[u] > Nγε +Mε,
which is a contradiction with assumption (3.8). Hence, the bound (3.9) is true. 
Thank to Theorem 3.3 and Lemma 3.5 we can prove the following result, which
gives an upper bound on the velocity of the transition points.
Theorem 3.6. Assume that F ∈ C3(R) satisfies (1.2). Let uε be the solution of
(1.1)-(1.4)-(1.3), with Q given by (1.6) and initial datum uε0 satisfying (2.5) and
(3.4). Given δ1 ∈ (0, r) and a closed subset K ⊂ R\{±1}, set
tε(δ1) = inf{t : d(IK [uε(·, t)], IK [uε0]) > δ1}.
There exists ε0 > 0 such that if ε ∈ (0, ε0) then
tε(δ1) > exp(A/ε).
Proof. Let ε0 > 0 be so small that (2.5) and (3.4) imply u
ε
0 satisfies (3.8) for all
ε ∈ (0, ε0). From Lemma 3.5 it follows that
d(IK [u
ε
0], I[v]) <
1
2δ1. (3.11)
Now, consider uε(·, t) for all t ≤ exp(A/ε). Assumption (3.8) is satisfied thanks to
(3.7) and because Eε[u
ε](t) is a non-increasing function of t. Then,
d(IK [u
ε(t)], I[v]) < 12δ1 (3.12)
for all t ∈ (0, exp(A/ε)). Combining (3.11) and (3.12), we obtain
d(IK [u
ε(t)], IK [u
ε
0]) < δ1,
for all t ∈ (0, exp(A/ε)). 
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4. Numerical solutions
In this section we present the results of some numerical calculations for the
solutions to (1.1)-(1.3) in the cases where the diffusion function Q is determined
by both (1.5) and (1.6). The computed solutions confirm the analytical results of
Sections 2 and 3. Moreover, we numerically show that the metastable states are
attractive for a wide class of initial data, that is, we show examples where the initial
datum u0 does not have a transition layer structure, but, after a very short time
T > 0, the solution reaches such a structure and exhibits a metastable dynamics.
Finally, we consider the case when the assumptions (1.2) on F are not satis-
fied and we show that they are crucial for the appearance of the phenomenon of
metastability. More precisely, we consider the degenerate case, F ′′(±1) = 0, and
we show that the solutions maintain a transition layer structure for a time much
smaller than in the case with F ′′(±1) > 0.
4.1. Numerical experiment no. 1. Let us start with an example where all
the assumptions of Sections 2 and 3 are satisfied. The first numerical simulation
considers a potential of the form
F (u) =
1
4
(u2 − 1)2, (4.1)
which is the simplest example of function satisfying (1.2), as well as an initial datum
u0 having a transition layer structure. Figure 1 depicts the plots of the computed
numerical solutions to (1.1)-(1.3)-(1.4) with ε = 0.1 and for such potential F . The
selected initial datum underlies a 6-transition layer structure with specific transition
points.
In Figure 1(a), we plot the solution of the IBVP (1.1)-(1.3)-(2.7) with Q given by
(1.5) for different times t. It can be observed that the solution maintains the same
6-transition layer structure of the initial datum for a long time. More precisely, the
solution at time t = 2 ∗ 104 is very close to the initial datum (in grey), whereas at
time t = 3∗104 the two closest transition points have already collapsed. Therefore,
the solution maintains the same transition layer structure of the initial datum for
a time t > 2 ∗ 104 (observe that the distance between the two transition points is
d = 1 and exp(1/ε) = exp(10) = 2.2 ∗ 104). Next, at time t = 5 ∗ 105 another
layer disappears and for t = 106 the solution has a 3-transition layer structure and
it is still far away from the asymptotic equilibrium. Finally, it is important to
notice that the solution at time t = 106 is almost indistinguishable from the initial
datum near to the three transition points left. As in the linear case, the two closest
transition points collapse, while the other ones seem static.
Figure 1(b) illustrates the computed solutions in the case where the diffusion
function is given by (1.6). The 6 transition points are located at the same positions
as before and, since there are no important differences in the metastable dynamics
of the solution until t = 106, we plot the solution for later times. We see that the
transition points collapse at time t = 2.1 ∗ 106 and, after that, the solution has a
1-transition layer structure. As before, notice that the only transition point left
at time t = 2.1 ∗ 106 is very close (indistinguishable) to the one of the solution at
time t = 0. Because of the homogeneous Neumann boundary conditions, we expect
that the last transition point is attracted by the left boundary point and that the
solution reaches the constant equilibrium u ≡ −1 after a time t = exp(4/ε) ≈ 1017.
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(a) Saturating diffusion: Q given by (1.5)
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(b) Unbounded diffusion: Q given by (1.6)
Figure 1. Numerical solutions to (1.1)-(1.3)-(1.4) with F (u) =
1
4 (u
2 − 1)2, ε = 0.1 and an initial profile u0 with a 6-
transition layer structure. The transition points are located at
(−3.4,−2,−0.5, 0.8, 2.2, 3.2). In Figure 1(a) Q is given by (1.5),
while in Figure 1(b) Q is determined by (1.6).
4.2. Numerical experiment no. 2: initial datum without layer structure.
In the next numerical simulation, we show that metastability is a general phenom-
enon for the model (1.1), since it appears even when one does not consider initial
data with a layer structure. In particular, we expect (as it happens in the linear case
(1.9), cf. [11]) that, since ε is very small, in the first phase of the dynamics we can
neglect the term ε2Q(ε2ux)x, so that the evolution of the solution is described by
the reduced equation ut = −F ′(u). Hence, if the initial datum has N sign changes
located at some points h1, . . . , hN , then, after a very short time, the solution will
have an N -transition layer structure with layers located exactly at h1, . . . , hN .
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Let us start by considering a saturating diffusion function Q given by (1.5),
the same double well potential (4.1) as in the first numerical experiment and the
discontinuous initial datum
u0(x) =

0.1, x ∈ [−1,−0.05) ∪ (0.05, 1],
−0.1, x ∈ (−0.05, 0.05),
0, x = ±0.05.
Therefore, the initial datum is a small perturbation of u ≡ 0, which is an unstable
equilibrium point. Figure 2 illustrates the computed numerical solutions to (1.1)-
(1.3)-(1.4) with Q given by (1.5), the double well potential (4.1), ε = 0.01 and
discontinuous initial datum u0, which has two jumps at x = −0.05 and x = 0.05.
We see that the solution becomes smooth in a very short time and at time t = 6
the solution has a 2-transition layer structure (Figure 2(a)); the distance d between
the transition points is small (d = 0.1), but we choose ε = 0.01 and then we
observe a metastable dynamics (Figure 2(b)). Indeed, the structure appears stable
until time t = 8 ∗ 104 and after that the two transition points disappear and the
solution reaches the constant equilibrium u ≡ 1.
The next numerical experiment shows that metastable states are attractive also
in the case of the unbounded diffusion Q given by (1.6). In this case, we cannot
consider discontinuous initial data. Hence, we opted for a smooth perturbation of
u ≡ 0 with a finite number of sign changes. Figure 3 contains the plots of the
computed numerical solution to (1.1)-(1.3)-(1.4) with Q given by (1.6), F (u) =
1
4 (u
2 − 1)2, ε = 0.1 and initial datum given by
u0(x) =
1
100
[
cos
(pix
2
)
+ sin
(pix
2
)]
.
In Figure 3(a) we observe the formation of the metastable state (notice that
the layers are located exactly in the zeros of the initial datum). In Figure 3(b) we
recognize the metastable dynamics: for t = 104 the solution has the same transition
layer structure as in t = 10, while when t = 105 the first transition layer has already
disappeared.
4.3. Numerical experiment no. 3: degenerate potential. In the previous
calculations, the potential under consideration was determined by the double well
function (4.1) so that the reaction term in (1.1) is −F ′(u) = u(1 − u2). In these
last numerical simulations, we choose the following potential,
F (u) =
1
4n
(u2 − 1)2n, n > 1, (4.2)
for which the corresponding reaction term becomes −F ′(u) = u(1−u2)2n−1. Notice
that F is a double well potential with wells of equal depth, but it is degenerate at
the wells in the sense that F ′′(±1) = 0. Such degenerate case has been studied in [3]
for the linear diffusion flux Q(s) = s and the authors proved that the exponentially
slow motion is replaced by an algebraic slow motion, that is the speed of the layers
is proportional to εk, where the power k depends on the degeneracy of the wells,
for details see [3]. Here, we numerically study the degenerate case and show that,
as in the linear case, the solutions do not exhibit exponentially slow motion.
First, we consider the case of saturating diffusion Q given by (1.5), the potential
(4.2) with n = 2 and initial datum u0 underlying a 6-transition layer structure,
with transition points located at hj = −3.4,−2,−0.5, 0.8, 2.2 and 3.2, just as in
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Figure 2. Numerical solutions to (1.1)-(1.3)-(1.4) with Q given
by (1.5), F (u) = 14 (u
2 − 1)2, ε = 0.01 and discontinuous initial
datum u0, which has two jumps in −0.05 and 0.05.
the numerical experiment no. 1. Figure 4 contains the plots of the computed
solutions to (1.1)-(1.3)-(1.4). It is to be observed that the situation drastically
changes with respect to the first (non degenerate) numerical simulation (see Figure
1(a)); indeed, when t = 450 the two closest transition points have already collapsed,
and for t = 2000 only one transition is left.
Finally, let us consider an unbounded diffusion Q as in (1.6), n = 3 in (4.2) and
the same values of ε and u0 as in the previous calculation. Figure 5 exhibits the
results of the numerical solutions. Here we observe that the time of the collapse of
the transition layers is even smaller than the one of Figure 4.
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Figure 3. Numerical solutions to (1.1)-(1.3)-(1.4) with Q given
by (1.6), F (u) = 14 (u
2 − 1)2, ε = 0.1 and initial datum u0(x) =
[cos(pix2 ) + sin(
pix
2 )]/100.
In conclusion, the computations presented here constitute numerical evidence
that assumption F ′′(±1) > 0 is crucial in order to observe a metastable dynamics
for equation (1.1).
Acknowledgements
The work of RGP was partially supported by DGAPA-UNAM, program PAPIIT,
grant IN-100318.
References
[1] R. Bartnik and L. Simon, Spacelike hypersurfaces with prescribed boundary values and mean
curvature, Comm. Math. Phys. 87 (1982/83), no. 1, pp. 131–152.
METASTABLE PATTERNS FOR MEAN CURVATURE REACTION-DIFFUSION MODELS 25
x
-4 -3 -2 -1 0 1 2 3 4
u(
x,t
)
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1 t=0
t=50
t=300
t=400
t=450
(a) 0 ≤ t ≤ 450
x
-4 -3 -2 -1 0 1 2 3 4
u(
x,t
)
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1 t=0
t=500
t=1000
t=1500
t=2000
(b) 0 ≤ t ≤ 2000
Figure 4. Numerical solutions to (1.1)-(1.3)-(1.4) with Q given
by (1.5), F (u) = 18 (u
2 − 1)4, ε = 0.1 and initial datum u0
with a 6-transition layer structure and transition points located
at (−3.4,−2,−0.5, 0.8, 2.2, 3.2), just as in the first numerical ex-
periment (see Figure 1).
[2] M. Bertsch and R. Dal Passo, Hyperbolic phenomena in a strongly degenerate parabolic
equation, Arch. Ration. Mech. Anal. 117 (1992), no. 4, pp. 349–387.
[3] F. Bethuel and D. Smets, Slow motion for equal depth multiple-well gradient systems: the
degenerate case, Discrete Contin. Dyn. Syst. 33 (2013), no. 1, pp. 67–87.
[4] D. Bonheure, I. Coelho, and M. Nys, Heteroclinic solutions of singular quasilinear bistable
equations, NoDEA Nonlinear Differential Equations Appl. 24 (2017), no. 1, pp. Art. 2, 29.
[5] D. Bonheure, P. d’Avenia, and A. Pomponio, On the electrostatic Born-Infeld equation
with extended charges, Comm. Math. Phys. 346 (2016), no. 3, pp. 877–906.
[6] L. Bronsard and R. V. Kohn, On the slowness of phase boundary motion in one space
dimension, Comm. Pure Appl. Math. 43 (1990), no. 8, pp. 983–997.
26 R. FOLINO, R.G. PLAZA, AND M. STRANI
x
-4 -3 -2 -1 0 1 2 3 4
u(
x,t
)
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1 t=0
t=50
t=200
t=300
(a) 0 ≤ t ≤ 300
x
-4 -3 -2 -1 0 1 2 3 4
u(
x,t
)
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1 t=0
t=300
t=900
t=1200
(b) 0 ≤ t ≤ 1200
Figure 5. Numerical solutions to (1.1)-(1.3)-(1.4) with Q given
by (1.6), F (u) = 112 (u
2 − 1)6, ε = 0.1 and initial datum u0
with a 6-transition layer structure and transition points located
at (−3.4,−2,−0.5, 0.8, 2.2, 3.2).
[7] J. Calvo, J. Campos, V. Caselles, O. Sa´nchez, and J. Soler, Pattern formation in a
flux limited reaction-diffusion equation of porous media type, Invent. Math. 206 (2016), no. 1,
pp. 57–108.
[8] , Qualitative behaviour for flux-saturated mechanisms: travelling waves, waiting time
and smoothing effects, J. Eur. Math. Soc. (JEMS) 19 (2017), no. 2, pp. 441–472.
[9] J. Carr and R. L. Pego, Metastable patterns in solutions of ut = 2uxx − f(u), Comm.
Pure Appl. Math. 42 (1989), no. 5, pp. 523–576.
[10] , Invariant manifolds for metastable patterns in ut = 2uxx − f(u), Proc. Roy. Soc.
Edinburgh Sect. A 116 (1990), no. 1-2, pp. 133–160.
[11] X. Chen, Generation, propagation, and annihilation of metastable patterns, J. Differential
Equations 206 (2004), no. 2, pp. 399–437.
METASTABLE PATTERNS FOR MEAN CURVATURE REACTION-DIFFUSION MODELS 27
[12] R. Folino, Slow motion for a hyperbolic variation of Allen-Cahn equation in one space
dimension, J. Hyperbolic Differ. Equ. 14 (2017), no. 1, pp. 1–26.
[13] R. Folino, M. Garrione, and M. Strani, Stability properties and dynamics of solutions to
viscous conservation laws with mean curvature operator. Preprint, 2018. arXiv:1805.12416.
[14] R. Folino, C. Lattanzio, and C. Mascia, Metastable dynamics for hyperbolic variations
of the Allen-Cahn equation, Commun. Math. Sci. 15 (2017), no. 7, pp. 2055–2085.
[15] , Slow dynamics for the hyperbolic Cahn-Hilliard equation in one-space dimension,
Math. Methods Appl. Sci. 42 (2019), no. 8, pp. 2492–2512.
[16] R. Folino and M. Strani, On the speed rate of convergence of solutions to conservation
laws with nonlinear diffusions. Preprint, 2019. arXiv:1904.05913.
[17] G. Fusco and J. K. Hale, Slow-motion manifolds, dormant instability, and singular per-
turbations, J. Dynam. Differential Equations 1 (1989), no. 1, pp. 75–94.
[18] M. Garrione and L. Sanchez, Monotone traveling waves for reaction-diffusion equations
involving the curvature operator, Bound. Value Probl. 2015 (2015), pp. 2015:45, 31.
[19] M. Garrione and M. Strani, Heteroclinic traveling fronts for a generalized Fisher-Burgers
equation with saturating diffusion. Indiana Univ. Math. J. (2019), in press. arXiv:1702.03782.
[20] C. P. Grant, Slow motion in one-dimensional Cahn-Morral systems, SIAM J. Math. Anal.
26 (1995), no. 1, pp. 21–34.
[21] A. Kurganov and P. Rosenau, Effects of a saturating dissipation in Burgers-type equations,
Comm. Pure Appl. Math. 50 (1997), no. 8, pp. 753–771.
[22] , On reaction processes with saturating diffusion, Nonlinearity 19 (2006), no. 1,
pp. 171–193.
[23] L. Modica, The gradient theory of phase transitions and the minimal interface criterion,
Arch. Ration. Mech. Anal. 98 (1987), no. 2, pp. 123–142.
[24] P. Rosenau, Free-energy functionals at the high-gradient limit, Phys. Rev. A 41 (1990),
pp. 2227–2230.
[25] P. Sternberg, The effect of a singular perturbation on nonconvex variational problems,
Arch. Ration. Mech. Anal. 101 (1988), no. 3, pp. 209–260.
(R. Folino) Departamento de Matema´ticas y Meca´nica, Instituto de Investigaciones
en Matema´ticas Aplicadas y en Sistemas, Universidad Nacional Auto´noma de Me´xico,
Circuito Escolar s/n, Ciudad Universitaria C.P. 04510 Cd. Mx. (Mexico)
E-mail address: folino@mym.iimas.unam.mx
(R. G. Plaza) Departamento de Matema´ticas y Meca´nica, Instituto de Investigaciones
en Matema´ticas Aplicadas y en Sistemas, Universidad Nacional Auto´noma de Me´xico,
Circuito Escolar s/n, Ciudad Universitaria C.P. 04510 Cd. Mx. (Mexico)
E-mail address: plaza@mym.iimas.unam.mx
(M. Strani) Dipartimento di Scienze Molecolari e Nanosistemi, Universita` Ca’ Foscari
Venezia Mestre, Campus Scientifico, Via Torino 155, 30170 Venezia Mestre (Italy)
E-mail address: marta.strani@unive.it
